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Abstract: Trochoidal milling is a well-stablished machining strategy which still allows for the
introduction of new approaches. This strategy can be applied to any kind of material, although it is
usually associated to advanced materials, such as titanium and nickel alloys. This study is based on
the adaptation of the feed speed of a milling tool with Ti-6Al-4V, so the chip width can be maintained
constant without modifying the path geometry. A singularity in the experimental stage was to mill
an Archimedes spiral groove instead of the conventional straight grooves. This made it possible to
obtain a concave wall as well as a convex one and to optimize the amount of material used. The time
efficiency compared to a constant feed, was slightly superior to 20%, reducing tool wear also. These
techniques require milling machines with high mechanical and kinematic performance, as well as the
absence of clearance between joints and a high acceleration capacity.
Keywords: trochoidal milling; variable feed; spiral groove; CAM
1. Introduction
The main objective of trochoidal milling is to use all the effective tool length in order
to make the cut [1]. The cutting force on the tool depends on the chip section and produces
the tool flection; furthermore, the cutting power is proportional to the cutting force. A
similar cutting force can appear due to the elimination of a large chip width ae and a small
axial depth of cut ap, or the removal of a small chip width and a large axial cut, Figure 1.
The force application point on the right of Figure 1 is more distant from the handle
clamp, so the flection torque is bigger and the breaking probability increases.
This justifies the increase of ap as much as possible, due to its limited influence [2] in
tool wear and surface quality [3]. The reduction of ae produces a decrease of the chip width,
reducing heat generation and improving tool wear.
In this study, the values of the ap are equal to triple the tool diameter, while ae is
almost 0.06D, which can be considered as finishing conditions, allowing cutting speeds
over 90 m/min. The decrease of tool wear facilitates the possibility of using sharper cutting
edges (less cutting force). Those cutting edges are micro-rounded in order to raise their
robustness, Figure 2.
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Figure 1. Relation between ap and ae for the same section.
Figure 2. Micro-rounded mill cutting edge.
In theory, for the same values of the chip section (ap × ae), the number of passes
required to complete the machining would be the same. Nevertheless, if the chip width
decreases there are new advantages:
• The tooth gap can be smaller for the same feed (the chip width is reduced), so more
teeth can be implemented and, for the same feed per tooth, the final feed rises and, as
a result, the machining time decreases.
• As a consequence, the mill core has a wider section, being able to support bigger
flection and torque forces, Figure 3. This bigger rigidity makes possible to decrease
deformation and vibrations, being more suitable for materials with superior cutting
requirements [4], such as titanium and nickel alloys.
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Figure 3. For the same tool diameter, with more teeth, there is a tool core increase.
Figure 1 shows a straight peripheral milling, which could also follow a curved path, as
in trochoidal milling, being internally generated. The chip widths are different, as shown
in Figures 4 and 5. There are three different kinds of feed per tooth, which are coincident in
straight milling.
Figure 4. Engagement angle and chip thickness in lineal path.
Figure 5. Engagement angle and chip depth in the interior arch.
The engagement angle, θe, is an important parameter in peripheral millings. Different
studies [5–7] have been based on determining this parameter and maintaining it constant.
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2. Materials and Methods
2.1. Selection of the Radial Cut Depth
The radial cut depth was selected as a parameter for the trochoidal milling. The chip
thickness, h, is a parameter that tool manufacturers use [8–10]. The process to obtain this
parameter has been previously published in different classical books [11–14]; nevertheless,
it has been mentioned below in order to clearly establish the approximations adopted in
this study.
Parameters θe and h are clearly related, as shown in Figure 4, considering the maximum
chip thickness and approximating the CB chord to the tangent in B. This approximation is
valid because the feed per tooth, fz, is small in comparison to the mill dimensions. In this
case, the feed per tooth, f’z, on the milling surface, is equal to the feed per tooth, fz, in the



















Other aspects to take into account include:
• Considering that ae is small in comparison to the milling tool radius rm.
• Avoiding the use of the squared parenthesis. According to the previous aspect, it is
not significant compared to the other equation terms.
• Using the milling tool diameter instead of the radius.
Finally, the previous expression (3), can be written as follows:










Which can also be written as:





Milling tool manufacturers give the cutting values referring to the feed per tooth fz,
which is required to determine the feed:
F = fz·z·N (7)
For the straight milling path, fz = fz′.
In trochoidal milling, the path of the milling tool is not straight, but curved. The most
frequent path describes a real trochoid, although other curves can be applied to maintain
the engagement angle θe as constant as possible.
It is necessary to pay attention to the curved paths, noting that the most interesting
path for this purpose is the interior (concave) path, as in Figure 5, where the curvature and
depth are constant. The engagement angle is:
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cos θe =
rm − ae f f
rm
(8)
Equation (8) is similar to Equation (2), but includes the effective radial depth aeff,
which has a much higher value, compared to ae. Furthermore, the feed per tooth and,
therefore, the feed in (7) are different in the centre of the milling tool, which is the point
to be programmed in the numeric control (NC) machine, and in the most external point
(highest cut radius), as shown in Figure 5.





r + rm − ae
(9)
Analysing Figures 4 and 5, it can be observed that:
• For the same feed in the milled part, the programmed feed must be lower in the
interior tool path.
• According to Figure 5 and Equations (2) and (8), for the interior tool path, the engage-
ment angle is higher for the same radial depth, ae, as aeff is larger than ae.
• As the value of the feed per tooth is low in comparison to the milling tool dimensions,
the arch of fz′ is close to a straight line. Thus, the mean thickness can be approximated
to the previous case, considering aeff instead of ae:





• As ae is constant, the values of the engagement angle and the effective axial depth are
constant. However, they are not constant in trochoidal milling.
Moreover, the following considerations must be taken into account:
• Avoiding an excessive decrease of the chip width, as the friction of the part with the
tool edge increases, heat is generated [15]. On the contrary, the increase of the chip
effective width causes a decrease of friction and cut pressure [16].
• The mean chip depth should not be decreased. For this reason, in this study, to let hm
be constant when aeff varies, the feed per tooth fz′ will be continuously modified.
In the experimental stage, fz was selected according to the tool manufacturer’s tech-
nical advice in relation to the straight-line peripheral milling for surface finishing. With
that value in Equation (6), hm can be obtained. This value makes it possible to obtain fz′
in Equation (10). The instantaneous feed per tooth in the centre of the milling tool can be
obtained with (9) for each instantaneous ae.
The trochoidal path is similar to the case in Figure 5, although the axial depth ae is
not constant and, consequently, neither is aeff. For this reason, the engagement angle θe
is variable.
Figure 6 shows a simplified approximation of the trochoidal milling path as a series of
semi-circular arches with a step equal to axial depth, with values from zero to aemax.
The effective axial feed is considered the variable to be studied in the experimental
stage. Its maximum value can be observed in Figure 7, when the first contact point of the
milling tool is in line with the two centres (of trochoid arch and of milling tool).
The position angle γ of a point of the trochoidal path, referred to the axis of the
rotation centre, will be obtained. It must be noticed that this is an approximation in which
the maximum axial depth is much lower than the slot width, being as that the value of b
equal to half of this slot width.
The goal is to determine the angle ωt (which is the position of the milling tool in the
trochoidal path) and the maximum value of aeff.
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Figure 6. Trochoidal path approximation.
Figure 7. Instant in which aeffmax is reached.
In the triangle O2HT1, with r = b− rm:
rm2 = (b− aemax)2 + r2 − 2(b− aemax)r cos β
cos β =
(b− aemax)2 + r2 − rm2
2(b− aemax)r
(11)









O2M = (b− eemax) cos β
ae f f max = b−O2M
ae f f max = b−
(b− aemax)2 + r2 − rm2
2r
(13)
Figure 8 shows the calculation of the effective radial depth aeff. To do so, there are two
possibilities: using analytic geometry or trigonometry. In both cases, the coordinate origin
is placed in O2.
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Figure 8. Obtaining the effective radial depth.
For the first method, solving equations with the centre in O1 and in H, T1 is obtained.
x2 + (y− aemax)2 = b2







Solving equations of the circles with centres in O2 and H, T2 can be obtained:
x2 + y2 = b2







The coordinates of M can be obtained with the equation of the straight line which
contains O2 and T2, intersected with the line which contains T1 and is perpendicular to the
previous one:
y = yT2xT2 x










Now, the effective width MT2 can be obtained:
ae f f =
√
(xT2 − xM)2 + (yT2 − yM)2 (17)
It is important to consider the double solutions of (14) and (15) in the change of
quadrant, as well as the divisions by zero in (16).
The second method is based on the application of trigonometry:
O1T1 = O2T2 = b
x2 = b cos ωt y2 = b sin ωt (18)
O2H = O2T2 − HT2 = r = b− rm
xH = (b− rm) cos ωt yH = (b− rm) sin ωt (19)
O1H =
√
xH2 + (yH + aemax)
2 (20)
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In the triangle O1HT1, the cosine theorem is applied:
rm2 = b2 + O1H2 − 2b·O1H· cos β
cos β =







The coordinates of point T1 are determined as follows:
x1 = b· cos(γ + β)
y1 = b· sin(γ + β)− aemax
(23)
The side T1T2 of the triangle T1HT2:
T1T2 =
√
(x2 − x1)2 + (y2 − y1)2 (24)
The engagement angle is obtained with the cosine theorem in the isosceles triangle
T1HT2:
T1T22 = rm2 + rm2 − 2rm·rm· cos θe (25)




With this, the segment HM is:
HM = rm cos θe
And the effective radial depth can be obtained:
ae f f = HT2− HgM = rm(1− cos θe) (27)
A different method, based in parametric CAD, was applied with Solid Edge™, as
shown in Figure 9, with the values of the angle ωt from a table of variables and a spread-
sheet. This method was important to verify the results of the two previous calculations.
Figure 9. Graphical method to verify aeff.
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In the NC program, the feed was variable in order to maintain constant the value
of the chip width, improving the process efficiency [17]. This variation in the feed F is
possible thanks to the kinematics of the milling machines and the NC, which can process
large numbers of program lines [18], such as the was used in this case.
Finally, the trigonometry-based method was chosen to simplify implementation in the
NC programming. This option made it possible to avoid divisions by zero or considering
double solutions, as previously detailed.
2.2. NC Program of a Trochoid with Adaptive Feed
The trochoidal path [19] described by the centre of the milling tool is the combination
of two simultaneous movements. Figure 10 shows a circular path with radius r and a
straight movement with a speed v.
Figure 10. Generation of the straight-line path.
The movement of the milling tool centre is a straight line, but this carrier route can be
any 2D or 3D curve. Finally, the straight-line path will be transformed into an Archimedes
spiral.
To decrease the processing time, the in and out paths are usually modified to shorten
the milled area with a straight line (with initial and final tangential arches) at a higher
feed [20].
The described angle depends on the angular speed ω at which the centre of the milling
tool plots the circular path which, if the value of ω is constant, is ϕ=ωt. This value of ω can
be variable, as analysed below:
The feed of the tool should be adapted to the chip thickness for each instant. When
the chip thickness is the maximum, the feed is the minimum (this is similar to a progressive
entry, but without constant slope), as shown in Figure 11. In the following segment of the
turn, the feed of the milling tool is at the minimum at the beginning and progressively
increases until reaching its maximum value as a function of the effective depth.
The previous variation is not lineal. The maximum value of the effective radial depth
is in Equation (12). Its variation depends on Equation (27), following the steps between
Equations (18) and (26). The graph displayed in Figure 12 was obtained with the following
values: b = 0.5 mm, Dm = 12 mm, aemax = 0.5 mm. The maximum value of the effective
radial depth is 1.32 mm, and the corresponding ωt angle is 65.3◦.
Equations for the straight trochoidal path, with constant feed, are developed below.
These equations will be the base for adapting the feed and transform the straight path into
a spiral trajectory.
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Figure 11. Equivalence between trochoidal and peripheral ramp milling with variable slope.
Figure 12. Milling time calculation.
The angular speed ω, is obtained from the feed per tooth fz, the number of teeth z, the






The feed of the cutter on the path:
v f = fz·z·N (29)
This feed is also the tangential speed of the tool centre path, so:







Units can be found in the initial variable table.
The rotated angle is:
ϕ = ω·t (31)
For the time, T, required for the tool centre to describe a complete rotation (ϕ = 2π),







→ v = ω
2π
aemax (32)
Mathematics 2021, 9, 2701 11 of 22




With all this, it is possible to obtain the trochoidal path equation, depending on the
milling parameters, by combining the lineal and rotational movements:
x = vt + r cos(ωt + ϕ0)
y = r sin(ωt + ϕ0)
(34)





The time increase to obtain the points (x, y) that define the tool centre path can be
calculated from the maximum chordal error [21]. The objective is to replace arches by
segments by means of the G1 command for lineal interpolation, as well as by the activation
of the high-speed functions in the NC.
When the arch of the trochoid, traced by the tool edge, is approximated to a circumfer-
ence arch (Figure 13):










0 < t < t f (37)
The obtained points will be used to establish the feed in every segment. Thus, Equa-
tions (29)–(35) depend on mean feed, although for each time increment (37) there is a
specific feed value, vf, which provides a different v for each ϕ.
Figure 13. Polygonal approximation of the circumference.
Previous equations were programmed using MS Excel™ and Visual Studio™, obtain-
ing higher processing speeds with the latter. The cutting parameters were established
according to the technical advice in two manufacturer’s websites: Sandvik™ [22] and
Seco™ [23]. The depth value was increased up to 35 mm for a 12 mm milling tool, with an
effective cutting length of 36 mm, according to the indications of the local manufacturer
(Marena, S.L., Zaragoza, Spain). This made it possible to test the performance of the milling
tool in a 19 mm wide groove (so the radius of the trochoidal arch is 3.5 mm).
Instead of the total straight path, a single period is traced in order to use, for each
interval between points, a different feed (10) with an effective thickness (27).
Equation (37) was not considered due to the variable values of feed, because the
angular movement was not constant. The process was:
• The points that define a step of the trochoidal path were obtained using (36).
• ωwas obtained from (30), using the feed fz for peripheral milling.
Mathematics 2021, 9, 2701 12 of 22
• Introducing the previous values of ∆ϕ and ω in (37), ∆t is obtained.
• With (33), v is obtained.
• Using (34), the coordinates of the trochoidal arc (0 to π) were obtained, with ∆ϕ.
• For each of the previous coordinates (x, y), the effective chip width was obtained (27).
• The mean value of chip width was obtained from (6), for the peripheral milling, with
ae = aemax.
• With (10), the value of f ’z can be found.
• As the cut is interior, Equation (11) makes it possible to find the corrected fz for each
point. When aeffmax is reached, fz is at the minimum, being maximum in the trochoid
limits (Figure 11).
• Finally, rotation (38) and translation are applied to the points obtained in the previous
step. This step is described below.
The two reasons to mill a spiral groove (Figure 14) are:
• The cost of a cylinder (∅ = 183 mm) of Ti-6Al-4V was significantly lower than a
rectangular plate. In fact, the local provider had a leftover, which made it more
affordable.
• The milled part has concave and convex walls. While the values of the radius of these
walls are not constant, this situation is closer to reality and can be consider a novelty
compared to previous tests with trochoidal milling [24–27].
Figure 14. Spiral groove.
The point with coordinates (xi, yi) belongs to the arch of one of the trochoidal steps
(Figure 15). A rotation is applied to this point:
xpi = xi cos τ − yi sin τ
ypi = xi sin τ + yi cos τ
(38)
The rotation is given by the direction τ, which is tangent to the spiral path, Figure 16.
After this rotation, a translation is applied to the spiral point (xs, ys), where the tangent was
obtained.
The coordinates of the point S (xs, ys) are:
xs = kφs cos φs
ys = kφs sin φs
(39)
The direction of the spiral tangent is obtained from:
dxs = cos φs − φs sin φs
dys = sin φs + φs cos φs
(40)
To obtain the direction of rotation, τ, the arc tangent of dy/dx must be calculated. It
must be considered that a division by zero can be solved as follows:
Mathematics 2021, 9, 2701 13 of 22
Select Case dx
Case 0
If dy > 0 Then τ = Pi/2 + Pi Else τ = -Pi/2 + Pi
Case Else
τ = Math.Atan2(dy, dx) + Pi
End Select
(41)
It can be noticed that π has been added in the previous code, so when the spiral path
is from the outside to the inside, the tangent direction is contrary to the one in Figure 16.
Figure 15. Trochoidal path step.
Figure 16. Rotation and translation for adapting the point (xi, yi) to the spiral path.
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The Visual Net function ATAN2 made it possible to obtain the arc tangent and to
distinguish the sign properly.
The entry and exit paths shown in Figure 15 are circular arches, where a value of the








In order to avoid additional calculations, the entry and exit paths can be extended, as
shown in Figure 17, following the same trochoidal path. From the exit, the maximum feed
can be used (G0 can be too fast for some milling machines). In the entry point, the required
feed is recovered.
Figure 17. Extension of the entry and exit paths.
The essential points of the trochoidal path in Figure 15, in addition to those additional
ones for the entry and exit, are previously calculated, storing their coordinates and feed (x,
y, F) in numeric arrays. The entry and exit points are also stored with the assigned feed.
The next step would be distributing the points of the trochoid step along the spiral.
Dividing the spiral length [29] by the step (aemax) gives the number of the generated

















When the spiral step decreases, an approximated expression of this length can be
deduced:
rs = kφ (44)
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This solution was applied to the integer value plus one, because a verification of the
accumulated length would make possible to stop calculations, not exceeding the value of
∆lm, obtained with (43).
From Equation (36), for a given value of the chordal error, the angle increment can be
obtained. As the angle traced by the trochoid is π radians, the number of points (without







In an open path, the number of the defined points is equal to the gaps plus one.















The trochoidal milling test was developed with a cylinder of titanium grade 5 with
the previously mentioned dimensions. The initial cylinder was cut in three parts, with an
appropriate saw, to develop the experimental stage using milling machines with the same
features in three different vocational training centres, from Zaragoza, Valls and Puertollano
(Spain), Figure 18.
Figure 18. One of the three NC milling machines.
The dimensions of the spiral groove and the working conditions for the peripheral
milling were placed in a Visual Net form, Figure 19.
Intermediate calculations were obtained from Equation (46), making it possible to
solve the final angle without any numerical approximation from the arch length and the
initial angle. With this equation, a small error is generated.
For each point of the trochoidal path arch (Figures 16 and 18), the rotation of Equation
(38) was obtained with:
• The substitution of angle ϕe (46).
• The substitution of the length increment ∆lm by the value of aemax divided by the value
obtained from (48).
The angle previously obtained is introduced again in (46), repeating the process until
the spiral final angle.
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Figure 19. Visual Net data form.
3. Results
Before the milling stage, two different CAM dealers were asked for the roughing of a
straight groove with the dimensions shown in Figure 19 and a length of 100 mm, applying
trochoidal paths (Figure 20a,b). It was also developed by us, using two additional CAM
(Figure 21). From these results, a complete trochoidal arch was isolated. The only restriction
was to apply the Y axis as the milling direction.
Figure 20. Four CAM trajectories applied.
These CAM codes make possible to identify when the milling tool is not cutting
(highest feed) and it is cutting (recommended feed, which remains constant).
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The geometry is similar with all the CAM codes, although they describe an elliptical
trochoidal path, being the semi-axes of (b) and (d) oriented in the opposite direction to (a)
and (c). The intention is to replace the position and the value of aeffmax and to decrease the
value or ϕaeffmax.
(a) and (b) are based on circular arches, while (c) and (d) are described by a series of
points, following the path.
(b) and (c) add two straight segments, in parallel to the milling direction, in order to
improve the finishing.
The entry and exit paths are circular arches (G3) in all of the cases.
The slope and transformation of an elliptical trochoidal path was previously stud-
ied [30]. In this research, the elliptical trochoid was graphically analysed, as seen in
Figures 9 and 21.
Figure 21. Graphical analysis obtaining of aeff in an elliptical trochoidal path.
Figure 22 shows the variation of aeff and the milling displacement angle with incre-
ments of 5◦.
Figure 22. aeff for the circular and elliptical trochoidal paths.
The 20◦ elliptical path keeps the value of aeff more stable, being necessary to optimize
its parameters [30,31]. However, the circular trochoidal path was tested, with the objective
of studying the feed per tooth variation to maintain the chip thickness constant.
Figure 23 shows the path of the milling tool centre, combining Figures 15 and 16, thus
extending the trochoidal arch and rounding entry and exit paths.
During the tests, the milling tool “marena 965” (Figure 24) was used [32], with z =
5 teeth, ∅ = 12 mm, maximum cutting length = 36 mm. The cutting speed was 90 m/min
and the feed was 0.08 mm/tooth for peripheral milling, with ae = 0.5 mm and p = 35 mm.
With these conditions, the spiral path was milled several times with three similar machines
(Figure 17).
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Figure 23. Trochoidal roughing adapted to a spiral groove.
Figure 24. Milling tool used in the experiments.
Figure 25 shows the path in the NC display (FAGOR 8060TM).
Figure 25. Trochoidal-spiral path.
Figure 26 shows the real spiral after milling it (left), and the initial (a), intermediate (b)
and final (c) Titanium chips.
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Figure 26. One of the milling processes and types of chips (a–c).
Finally, Figures 27 and 28 show the tool wear obtained with constant F and with
variable F, respectively.
Figure 27. Tool wear for constant F.
Figure 28. Tool wear for variable F.
4. Discussion
As shown in Figure 22, the 20◦ elliptical path can be interesting because aeff stays
more stable, although its value is higher, decreasing the feed per tooth. In contrast, the 0◦
elliptical path starts with a high value of aeff, making it necessary to decrease the feed per
tooth, although it could be increased at the exit.
The circular trochoidal path was chosen because its initial aeff is not high, obtaining
its maximum value before tracing the centre of the semitrochoid. The feed per tooth has a
high value at the entry and decreases until aeffmax and, after it, its value increases to the exit.
From the exit to the following entry, the feed value can be significantly increased.
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After analysing references [30] and [31], it would be interesting to test these new paths
by varying the F in further research.
The tool holders must be hydraulic, particularly when the loads are high or the feeds
vary a lot during the milling process, because other kinds of tool holders (e.g.,: Weldon or
clamps) were not able to maintain the position of the tool.
In both milling processes, a frontal tool tooth was broken (Figures 27 and 28). The
tool wear was slightly lighter with variable F and the tool coating was not peeled in
any case. The diameter deviation between teeth, before and after the milling, was below
5 micrometres.
The milling process with variable F, even adapting S [28,32], suggests improvements
which should be tested in further research.
An additional possibility would be elevating the milling tool in the exit points (he-
licoidally), descending in the entry points (Figures 15 and 17). This possibility was not
implemented, according to the tool manufacturer indications (to avoid stress in the Z
spindle and the entrapment of chip residues).
5. Conclusions
The machining time with the conditions shown in Figure 19, was 1 h 17 min with
constant F, and 51 min with variable F. When the cutting speed was raised to 100 m/min
and the feed per tooth was 0.07 mm, the machining times were 1 h 36 min and 59 min,
respectively.
The wear of the tool edge decreases with the variable F strategy.
Finally, it was concluded that the variable F strategy was advantageous, but it can
only be applied with milling machines that allow high acceleration of their axes (X, Y).
It is possible to reduce the energy consumption as well as the time required, increasing
tool life and improving the sustainability of machining processes, thanks to several aspects.
These aspects include the improved features of current machine tools, new machining
strategies and advances in tool cooling, e.g., using cryogenic products [33] with phase
change. It is also possible to use cryogenic cooling to improve the effectiveness of lubri-
cation [34,35], significantly reducing the quantity required. Another interesting option is
based on adding nanoparticles [36] to reduce tool wear or by locally applying a process of
laser preheating [37].
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